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In this paper we compute the motion and the shape of the free surface on a liquid
in a trench heated from its side. The analysis is based on Joseph’s Lagrangian
theory of domain perturbations, which is developed in general and through
simple examples, chosen so as to make the comparison of the Lagrangian method
with Stokes’s Eulerian theory very clear. The perturbation problems are resolved
analytically by application of biorthogonality conditions to a powerful set of
biharmonic eigenfunctions.

1. Introduction

When the side walls of an open trench filled with liquid are maintained at
unequal temperatures, the liquid will circulate owing to the driving action of
buoyant forces induced by density variations. The motion in the trench distorts
the free surface. We are interested in finding mathematical expressions to
describe the motion and the shape of the free surface. We are going to construct
the solution of this basic problem as power series in the temperature difference
across the trench, which is pivoted about the state of rest that prevails when this
temperature difference is zero.

There are several variations of our basic problem. In the first, we shall consider
an infinitely deep rectangular trench, which is filled with liquid right up to the
top. The second is the same as the first, except that the trench has a flat bottom.
In these two variations the affinity which liquids have for sharp edges is idealized
by requiring that the free surface pass through the edges at the top of the trench.
(See figure 6.) Our methods work equally well when the trench is partially filled
with water; but then, to make things work out simply; we must prescribe an
angle of horizontal contact.

To study the free-surface problem, we use the Lagrangian theory of domain
perturbations. This theory can be used to find solutions of boundary-value
problems, like the membrane problems studied by Hadamard (1908), in which
the perturbed domains are prescribed but the solutions are not; and the method
can be used for free-surface problems, like the water-wave problems studied by
Stokes or like the problem studied here, in which the shape of the free surface is
to be determined. The Lagrangian formulation of theory of domain perturbations
was developed by Joseph in a series of papers starting in 1967. In the most recent
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formulations (1973, 1974), one imagines a one-parameter family of domains, on
which the field equations and boundary conditions are to be solved. The solution
is presumed to be known in some reference domain. It is convenient, but not
necessary, to imagine that the solution in the perturbed domain can be developed
in a power series in the parameter, the coefficients being substantial derivatives
of the field variables evaluated in the reference domain. To compute these
derivatives, the deformed domain is first mapped onto a reference domain; in the
end, the mapping is inverted, and the derivatives of the solution with respect to
the parameter are computed in the deformed domain.

Joseph’s theory is called Lagrangian, because it relies heavily on a mapping
which is analogous to a material mapping; but, of course, a domain mapping is
not necessarily a material mapping. Stokes’s (1847) theoryt can, in the same
spirit, be called ‘Eulerian’, since that theory can be interpreted as applying
always to the motion in the deformed domain. In fact, it is very hard to say very
much about Stokes’s theory, because some parts of it are worked in the deformed
domain, and some in the reference domain. The domain of definition of the
functions is almost never defined, neither is it intuitively obvious. Readers who
come to this paper with just a little experience of the literature on water waves
will immediately recognize the basic procedure of Stokes’s theory. First the
solution is expanded in powers of ¢ in the deformed domain. This leads to the
governing equation, which in water-wave theory is usually taken as Laplace’s
equation.] The boundary conditions are then expanded in a power series in the
space variables around some mean position, say a plane. The boundary conditions
are then applied on the mean surface, whether or not there is water there, and
without regard for the fact that the derivation of the equations has already
implied a different domain of definition for the functions. To our knowledge,
these difficulties, which are perhaps better recognized by amateurs than by
experts, who after long years of practice may achieve perfect insensitivity to
difficulties, were first discussed in Joseph (1973).§ In the 1973 paper, it was shown

1 See Stoker (1957) or Wehausen & Laitone (1960) for popular.and authorative accounts
of Stokes’s theory. It is no surprise that Stokes’s original paper is not less clear than later
expositions of his theory. But Stokes’s is not surpassingly clear.

1 We want to stress the obvious fact that Laplace’s equation arises only in a special case.
When you have Laplace’s equation in two dimensions, you can do a lot of beautiful things
with complex variables that cannot be done generally. It is no surprise that existence proofs
for wave problems are nearly all confined to the complex variable case x4+ iy = f(¢ +¢y),
which reduces the problem to a fixed domain. (See Levi-Civita 1925; Struik 1926.) These
proofs are beside the point here. They apply only in a too special situation; in any case,
they have, only the most oblique connexion with Stokes’s theory. On the other hand,
Sattinger’s (1975) proof, of convergence of the Lagrangian series for the free surface
on a Newtonian liquid between cylinders rotating at different speeds (Joseph & Fosdick
1973), is very much to the point. Sattinger’s demonstration shows that the series con-
verge, and the solution is regular at the corner when a flat contact angle is prescribed at the
boundary. Questions of convergence and regularity of the solution when the contact is other
than flat are still open.

§ A summary of difficulties in interpreting Stokes’s theory follows. (i) The derivation of
the governing equations leaves the domain of the functions ambiguous. In the end, only
functions which are defined in the reference configuration are computed. (i) There is no

prescription about how to compute the solution in the deformed domain where the solution
1s wanted.
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that Stokes’s theory was consistent with Joseph’s, given a certain analytic
continuation of functions originally defined on the reference domain into the
deformed domain. In this paper, we are going to show that the substantial
derivatives of the solution following the mapping can be computed in the
deformed domain in a simple and natural way by merely inverting the mapping,
and that analytic continuation of functions defined on the reference configuration
is never required. By using the mapping principle, we can calculate several
solutions in the physical domain from a single solution in the reference domain.
(See figure 6.)

The Lagrangian theory of domain perturbations is developed in the context of
the trench problem in § 3. There are two roads from §3. One goes to the trench
problem. The other goes to an extremely simple made-up problem (in the
appendix), designed to yield the main ideas of the mapping principle without
a lot of complicated equations. Mathematically, the made-up problem is in no
way inferior to any other; it is just simpler.

The application of the domain perturbation theory to the trench problem leads
us, in §4, to a biharmonic problem, related to the problem of computing stresses
in a thin semi-infinite strip clamped at its sides. The stress problem has been
solved in terms of a ‘Fourier’ series of biorthogonal eigenfunctions (the
Papkovich-Fadle functions) by Smith (1952) and by Johnson & Little (1965).
The methods used by these authors are very powerfu] in solving edge problems
that arise in fluid-filled cavities with and without free surfaces. Smith’s formula-
tion is particularly convenient, and has been extended by Joseph (1974) to the
cylindrical equivalent of the edge problem that arises in the study of the free
surface on the edge of the liquid filling a torsion flow viscometer. Despite the
apparently great differences between our problem ang the torsion flow problem,
they are mathematically alike, and in special limits they coincide. We believe
that our application of these methods to the problem of a free surface on a liquid
filling a trench of finite depth is new, and could be applied to finite-strip problems
arising in the linear theory of elasticity. We find that the tap and bottom of a
trench of finite depth do not interact, when the depth-to-width ratio is greater
than about 3.

2. Mathematical formulation

We consider the steady motion of a Newtonian liquid in a long open trench of
width d and length L. The liquid fills the trench up to a mean height D;i.e. the
total volume of the liquid is DdL. We let L — oo, and treat a two-dimensional
problem in a rectangle, which is open at the top. Co-ordinates (x,z) are located
relative to a centre midway between the walls at a height D from a flat bottom.
The pressure of the atmosphere at the top of the trench is p,, and the reduced
pressure in the fluid is designated as

D = p(a,2)—p,—pgz.

p(x,2) is the pressure in the fluid, p is the density and ¢ is the acceleration due to
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gravity. Since the fluid is incompressible, the area Dd occupied by the fluid is an

invariant, and the free-surface height
z = h(x)

id
0= lf h(x)dx
d) -4

The temperaturesonthe wallsat = }dand x = — §dare T}, + eand Tj,, respectively.
We shall assume that the bottom of the trench isinsulated; and, since the thermal
conductivity of liquids is generally so much greater than that of air, the free
surface of the liquid-air interface is also assumed to be insulated. We designate
the temperature as T'(z, z) = 0(x, z) + T, the solenoidal velocity by u = e, u + e, w,
the stress deviator by S = 2uD[u}, where D is the stretching (‘rate of strain’)
tensor and u is the viscosity. The variables 6(x,2), u(z,z) and ®(z,z) are defined on

V.= [x,2]; —4d <x < 3d, —D <z < hz;€)].

The dependence of the free surface A(x; €) on the temperature difference ¢is to be
determined. On the free surface, the normal component of the velocity vanishes:
u.n = 0. The normal component of the temperature gradient vanishes:
n.V? = 0. The shear stress vanishes: §,,= 0. The normal component of the
stress jump is balanced by surface tension

Snn_p +Ps = Snn“ (D‘+pgh = U[h’/(l +h,2)%]l'
We shall assume that the fluid sticks to a sharp edge or makes a flat contact with

the vertical walls: A(+3d) =0 or A'(+3d) =0. The Oberbeck-Boussinesq
equationst are assumed to govern the motion in ¥":

pu.Vu = —VO0 +e, pgpf+uV3u, u.Vl = V2. (2.1)

must have zero mean value

o and u are the coefficients of thermal expansion and diffusion, respectively.
Now we shall summarize the governing equations. As a notational convenience,
we define two sets of functions 4, and B:

A, —[u(xz) (,z2)[V.u=0 in ¥,u(+id,2)=0,

uz, -D)=0, 6(-13d,2)=0, 90/oz|,__p=0],
B= [ 0——f h+3d)=0 or h’(i%d)=0].
3d
We shall seek solutions
[u(z,2),0(z,2)] in A, and ®(x,z) (2.2)
of (2.1), for which 0(id,z; €) = ¢,
o0 o0 ,
and, on z = k(z; €), % —h' = P =0, w—h'u=0, (2.4)
(Szz— Szz) b+ (1- h'Z) Szz =0, Szz_h,Sza:_ ¢ = U[h’/(l +h’2)%],—'pgh1 (25)
where heB. (2.6)

1 Although a Newtonian fluid is assumed, any rheologically complex fluid, whose stress
is expandable in a power series of Rivlin—Ericksen tensors, could just as well have been used.
All such fluids are Newtonian to the order to which our calculations have been carried out.
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The problem (2.1)-(2.6) is nearly intractable, because it is nonlinear and is posed
on a domain ¥, whose shape must be determined as part of the solution.

3. The Lagrangian theofy of domain perturbations

Tostudy the problem (2.1)-(2.6) when e + 0, we first map ¥, onto the reference
domain ¥ of the rest solution. We then expand the mapped problem in a power
series, determine the coefficients of the series relative to the rest state, and discuss
the problem of representing the solution in the deformed domain where the
physical problem is defined. The discussion is best carried out in three parts:
properties of the mapping (§ 3.1); the series solution, and the unique determina-
tion of the boundary values of the mapping (§ 3.2); representations of the solution
in¥,(§3.3).

3.1. Properties of the mapping
We define the mapping (z, z) = (x,, 2,) such that

x=ux, —id<z<id; (3.1a)
2 =2(2g, 29, D3 €)y, —D <2< h(x,D;e), —D<2,<0. (3.1b)

The mapping (3.1) is to be one-to-one, carrying boundary points to boundary
points:
h(z, D; €) = x(x,, 0, D; €) (3.1¢)

and —~D =x(x,, — D; D; e). (3.1d)
We also want the mapping to be analytic in € and uniquely invertible:
2o = #o(%, 2, D; €). (3.1¢)

This is a very general mapping of ¥, —¥,, and it is not uniquely determined;
we could work the theory for yet more general mappings. The strong requirement
of analyticity can be relaxed for approximate solutions; then we would consider
asymptotic representations with truncated power series.

We are going to show (in §3.2) that the perturbation problems determine a
unique function k(z, D; €), and that the solution in the deformed domain is
independent of the choice of the function ». Given the uniqueness of &, we are
assured that it is possible to construct and use the linear scaling transformation

#(%g, 29, D €) = h(24, D; €) + [hl(2g, D; €) + D] 24/ D. (3.2a)

This transformation has a simple form when the co-ordinates are reckoned from
the bottom of the trench. If x = y— D, 2y = y,— D, b = h— D, then

y = yoh/D. (3.2b)

This apparently special mapping is homogeneous of degree one in the variables
h, zy and D; depends on x, and € through %; and has the property that

1 (34
29 = Ef %dx(xo’ zg, D; €) dix
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is the mean value of «. In the limit D — oo the linear scaling transformation

reduces to (g, %95 €) = H(@y; €) + 2, (3.3)

We call (3.3) a linear shifting transformation.

3.2. The series solution and unique determination of the
boundary values of the mapping

Functions Y(x,z; €) defined in ¥, are of the form yr(x,, (g, 25, D; €); €) when
mapped onto ¥y by (3.1). For these mapped functions, we define the partial
derivative holding x(z, 24, D; €) fixed:

o™y

Y™ (2, 20) = Zen |y
We also define a substantial derivative following the mapping:

‘ﬁm(xo, z) dn,ﬁ

B d(—,""’ e=0,
Y01 = (0,
Y = D My D, (3.4)

P = < 4 2L D + D
3] — 33 121, /<> [11,/,<2> 4, [31,/,<0>
14 A e e v e
+ 3z[llzgﬁ<}2 + 3zmx[2]1ﬁ<92 +z[1]31/f<2gz,
ete. Sinece z, and z, do not depend on ¢, and z = x(y, 2,; D; €), we have

Al = & and R = h<w.

The substantial derivative is an important operator in the Lagrangian theory,
because solutions defined in the mapped domain are to be expressed in a power
series, whose coefficients are substantial derivatives evaluated in ¥7:

u(z,z; €) u™(z,, z4)
O(z,z;€) | _ 1| 07wy, 2,)
O, z:6) | ~ ol | Oy, z)
Rz €) ()

€n, (3.5)

Dependence on the parameter D has been suppressed. The boundary-value
problems satisfied by coefficients in (3.5) are very complicated (see Joseph 1967);
but a major simplification of them is possible (Joseph 1973). This simplification
allows one to compute the partial derivatives [u{™, (Xm, &™ (] from much
simpler problems. We discuss this simplification next.

We first note that the field equations (2.1) and V.u = 0 hold in ¥} and for an
¢ interval around ¢ = 0. For example, consider the equation V.u = 0. Since this
is an identity in ¢, for small e

an
Since it is also an identity in #7, we have that, for each and every integer n > 0,
% (V.u) = V.(0™a/oe™) = 0. (3.6)
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To prove (3.6), we shall show that, if it holds for some integer { = », then it also
holds when ! = n+1:

dn+1 d
0 dz 0
= V. ("l oen ) = 0. (3.7)

Since (3.7) holds when # = 0, induction proves that (3.6) holds for all #n. The same
kind of simplification applies to any equation simultaneously an identity in € and
in z(—D < z < k(x; €)). This observation, and the remark that A" =A™ is
enough to establish that

K™ (df2,2z,) = 6

nls

(3.8a)
and almost enough to establish that
[l (2, 24), O (2, 2)] € A, (3.8b)
To establish (3.8b) we must show that
00<™ (9,20)[02g = 0 on z=—D.
This follows from induction using the fact that

d
— = () 40, KO = (KD

() = (DI KD = (),

because » = —D when z,=—D and «™ = 0 when z, = —D. The differential
equations that follow from (2.1) using the induction (3.7) are

pu.Vulm = — VO t e, pagh™ + puV2uin,  (u.VOK® =k V2™ in 7.
(3.8¢)

No such simplification is possible relative to (2.4) and (2.5) on the free surface.
These equations are of the form F(x, h(z,€)) = 0 and, of course 0F(x, z)[0z|,_p)
is not necessarily zero. It follows that free-surface perturbation equations must be
written in the form

0 0

- (2 pm 2 )" =
F (ae+k 8z0) Fl._o=0. (3.8d)

Repeated application of ¢/deht®™l = A+l in (3.8d) shows
F™ = F(m) | pIMFO),
where A = (" ¢ B, (3.8¢)

Equations (3.8) are boundary-value problems for the partial derivatives
[um, {m O j{m] in the flat reference domain. It is easy to show that these
functions can be determined sequentially.

When n = 0 we have the null solution

[u, 4101, PO, O] = [440 O DL B{] = 0 (3.9)
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of the rest state. Therefore, the series (3.5) can be started withn = 1. Whenn = 1

we have [ (g, 2), 85, 20)] € Ao, (3.10)
0 = —VOD te, paghih + uV2ul, 0=«V2KD in ¥, (3.11a,b)
O0(id,2g) =1, —D <z <0. (3.12)

On the free surface, the equations simplify, because of the vanishing of the
solution at zeroth order. For example, the normal component of velocity vanishes
on the free surface at first order if

will = () — (D30 = 41 = 0, (3.13a)
A similar computation for the shear stress gives
oust  duiv
(SO Dbl = 1
S =p [ 5 + o, ] 0 (3.13b)

onz, = 0.

The boundary-value problem (3.10)-(3.13) is uniquely solvable, and does not
depend on any of the derivatives of k. We are going to solve this problem in § 5.
Once we have obtained the solution, we may find (1> by integrating the normal

stress jump condition

owD Zh(D)
24 W = o“—i—kz——pgkm, (3.14a)
7 dat

where KD eB. (3.14b)

%0

3.3. Representations of the solution in ¥, ~

The equations for the partial derivatives (u{™, 6{m O™ h{m) can be obtained
by the method of Stokes, which was described in §1. We are not aware of an
explicit discussion, other than that of Joseph (1973), of how to represent the
solution in 77, given the partial derivatives defined in #;. The nature of Stokes’s
derivations is such that it is possible that he imagined the solutions in ¥ to be

given by u(z, z; €) wn(z, z)
O,z;6) | 1 |6W(,2)
D(x,2;6)| Sl | O™ (@,z2) ] (3.15)
k(z; €) ()

The functions u{®(.,.), &™(.,.) and ®<™(.,.) are the functions first found
in ¥;, then continued analytically, by declaring that (z,,z2,) > (#,2), where
—D <z < bz, e).

In fact, the representation (3.15) is implied by (3.5). (See Joseph 1973.) To
show this, it is necessary to replace the substantial derivatives in (3.5) with the
expressions (3.4), then to rearrange the series, as follows:

DOz, 29; 0) + DM + L2 PR+ B3 DB/ .
= DOz, 25} 0) + €MDY + €2(BOY 417 DY) /2!
+3(BOY 4 3UADY L PDYL )31 4 L+ e{ DD (xy, 243 0)
+ MDD 4 e2(ADD HAPOY 21 4.}
+ £ D (24, 293 0) +eUDP 4 34
= OO (2, 2(xy, 29; €); 0) + €D (2, 2(2y, 24; €); 0) + 32D (2, 2(xy, 2y €); 0) + ...
= O(x, z; €).
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It follows that, given the partial derivativesin the domain ¥, we may compute
the solution in ¥, by the analytic continuation of the functions leading to (3.15),
or by direct inversion of the mapping function in the arguments of the substantial
derivative in (3.5). For example, using the linear scaling transformation (3.2),

wefind that 0 o) iz, (z— k) DJ(D+h)}
Ox,z;€) | € | 0™z, (z—h)D[(D+h)}
O(z,z; €) ‘,El n! | ®™x, (z—h) D/(D+h)} |’
h(x; €) ™ ()

(3.16)

Assuming convergence, the series on right of (3.15) and (3.16) sum to the same
function, but partial sums after N terms are different. This difference leaves open
the question of the optimal representation for approximate solutions; and we
have not answered this question. But we have found that the representation (3.16)
is particularly convenient, for the following reasons. (i) The series (3.16) retains
the same basic ordering in powers of € as the series (3.5), which gives the solution
in a fully expanded form. (ii) The inversion of the mapping does not require that
the functions u™, 6 or @ should be continued. For example, the domain of

the function unlfy, (z—h) D)(D +h)} = ul™)(z, 2,) (3.17)
is unchanged under the inversion of the mapping
—D< (z—h)D/D+h < 0.

(iii) The level lines of the coefficients of (3.16) in ¥, bear a simple scaling
relation to the level lines calculated in ¥;. In particular, under the inversion of
the mapping thelevellines of, say, ul™(x,, z,) continue to conform to the boundary.
{See figure 6.) In contrast, the level lines of the continued funetion

um(z,2), —D <z<hx;e),
bear no simple relation to the level lines of the computed functions
™ (g, 29), —D <25 < 0.

The analysis of this section, and the comparison of the representations (3.15)
and (3.16) may be more easily understood by studying the simple example given
in the appendix.

4. Computation of the motion in the trench
We return now to the problem (3.10)-(3.13), governing the slow motion of the
fluid in the trench. The equations for the temperature do not depend on the
velocity, and ‘they may be solved separately:
O = &+ 2/d. (4.1)

We next calculate the velocity field by substituting (4.1) back into (3.114), and
converting the remaining part of the problem into a biharmonic edge problem of
the type solved by Smith (1952). Introducing a stream function i,

W=, W=y
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into (3.11a), we find that
Q. =uVY,., O, =pguzd+§)—pVA .

Elimination of ® between these two equations leads to

Vi = pgaf(pd) in 74, (4.20)
where (£ id,z) = Vo £3d,20) = (2, — D)
= W,zo(xm —D) = (2, 0) = #ZDZD(%, 0) = 0. (4.2b)

To reduce this problem to an edge problem, we introduce new (dimensionless)
variables

(t,y)=§(xo,zo), l~)=§D, ‘F=p§d3§”~(t23;41)2, @z&)—j‘a.
The new variables satisfy the equations
VW =0 in [—-1<t<1,-D<y<0], (4.3a)
V(+1,y) =V (+1,y)=0, (4.3b)
¥, —D)y=Y @0 =0 (4.3¢)
and W(t,0) = W(t, —~ D) = — (12— 1)?/384. (4.3d)

Given W, the dimensionless pressure & may be found from

'@,t = %(Iy,ytt +1F,yyy)> gj,y = §1§ - %(11/- tet + \F, tyy)' (4‘4)
The solution of the biharmonic problem (4.3) is given by

N
V= lim I [C,exp(S,y)+D,exp(—8,y)]14"()/S}, (4.5a)
N—w - N R

where Cy = D, = 0. The S, (n = 1,2, ...) are the first-quadrant complex roots of
sin 28 = —28 (4.5b)

numbered in a sequence corresponding to increasing size of the real part of §, and
S_,, = S,,. The functions ¢{*(¢) are biharmonic eigenfunctions (Papkovich-Fadle
functions), belonging to the eigenvalues S,. These functions are given by (4.12);
they satisfy the side-wall boundary conditions (4.3b) when the S, are the roots of
(4.56). The coefficients C,, and D, are to be chosen so as to make (4.5a) satisfy the
edge conditions (4.3¢,d). The roots of sin 2§ = — 28 are symmetrically located
in the complex § plane, and the above numbering covers all roots. It follows from
(4.7) and (4.12) that

M) =) (n=+1,+£2,..). (4.5¢)

Since the given edge data are real,
C,=C.,, D,=D, (n=+1,+2,..). (4.5d)

The problem defined by (4.3) when the trench is infinitely deep (D — o0) is
identical to that solved by Smith (1952). It is instructive to give the solution for
the infinitely deep trench first, then to apply Smith’s method to find the solution
for the trench of finite depth.
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4.1. The infinitely deep trench

When D — oo, we replace the boundary conditions on y = — D with the require-
ment that ¢ and all its derivatives tend to zero as y -> —co0. To satisfy this condi-
tion, we must have D, = 0 (n = £ 1, £ 2,...). Substituting (4.5a) into (4.3 ¢,d)

we get 0
\F,Uy(t’o) _ 2 el _ ® (lm(t)
] - [‘(L@L)} - S ot (46)

To put this edge condition into Smith’s form, we differentiate the bottom element
in the column vector twice, and find that

0
W0t 0)] il [ i")(t)]
s = -1 = $ 0, , 4.7
o) = |- 1= 2 g &
2
where () = S—lz %975(1"’-

To determine the constants C,,, we introduce the vectors

o] aria]l g [V g [
= " — > "= (n)i? "= 7y
- 96 [¢2 )] R q) Lﬁ(z {[

@™ and Y™ are defined through the differential equations

2
%QS(")—FSquS(") =0, (4.8a)
d* (n) 2A T :
7 WL SEATY < 0, (4.80)
where Az[? _;], AT=[_? ;]

The boundary conditions are

dgi™ d
(n) _ 1 _ ) (n) —
o — P =Ty =0 at t=t1, (4.9)

These boundary conditions can be satisfied when the parameter § satisfies
(4.5b) or (4.13a); (4.5b) leads to the even eigenfunctions (4.12), whereas (4.13a)
leads to the odd eigenfunctions (4.135). Using (4.8) and (4.9), we find that

1
f YMAGOdE = k3, (4.10)
—1

Applying the biorthogonality condition (4.10) to (4.7), and using (4.85), we find

that
1t 0 -1 0
On = —f [w‘ln)> Wzm] [ ] 3—1|dt
&), o o |-

- (=m) [, o —vre-na
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1 Lod?ygy
- o szf 1 Ve s yat
n-nd —

i dy e
— 2_ _
96@8%[[“‘ % dt]-l L‘” a d‘:

=96k1,,82[ ww(m]lﬁf Wmdt:

1
— (n) 4.11
lﬁan:J._l¢z dt’ ( )

where

HM = 8, sin S, cos S, t—8,tcos S, sin S, t = v,

P9 = — (8, sin S, +2 cos 8,) cos S, t + S, cos S, sin S, ¢, (4.12)

Y™ = (S,sin S, — 2 cos 8,) cos S,,t — S, t cos S, sin S, ¢
are the even eigenfunctions, and k, = - 4 cos*§,,. When the given data are not

even, one must also consider the odd eigenfunctions. For these, the eigenvalues

are roots of .
sin 2P = 2P, (4.13a)

and the eigenfunctions are

Him = P, cos P, sin P,t — P,tsin P, cos P,t = (™,
$™ = — (P, cos P, —2sin P,)sin P, ¢+ P, tsin P, cos P,t, (4.130)
#i» = (P, cos P, +2sin P,)sin P,t — P,tsin P, cos P, ¢

and k, = —4sin? P,.
Finally, after integrating (4.11), we find that

C, = — 8% cost §,,. (4.14)

The numerical convergence of the partial sum

Sl o
[‘3";”] - %, a5, ) o

is very rapid (see table 1); and, for practical purposes, the series has converged
after three terms. Convergence in the interior is even more rapid. Mathematical
convergence of the series (4.15) is easily verified (see Joseph 1974).

In figure 1 we have plotted the level lines of the stream funetion W(t, y) for the
edge problem. These are given by (4.5). We have also shown the streamlines of
the flow

—“1)2 w (™ (¢ 4 4
gad3¢ = 381 ng t)exp (S,y)/168% cost S,,. (4.16)

The streamlines are given in the reference domain; they cannot be plotted in the
physical domain without first finding the first-order height correction (§ 5). The
streamlines in figure 1 show that the edge eddies exist, to turn the stream around
at the free edge.
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4 g(t) N=1 N=3 N=35 N=17 N=9
1-0 2-083 1-948 2-070 2-079 2-081 2:083
0-8 0-958 0-999 0-950 0-955 0-961 0-960
0-6 0-083 0-110 0-863 0-836 0-818 0-848
0-4 —~0-541 —0-548 —0-588 —0-540 —0-543 —0-541
0-2 —0-916 —0-933 —~0-922 —0-919 —-0-916 - 0916
0 —~1-041 —1-057 —1-037 - 1-039 —1-040 —1-041

t f() N=1 N=3 N=35 N=7 N=9
1-0 0 0 0 0 0 0
0-8 0 2-986 1-434 0-050 -0-323 ~0-128
0-6 0 5-105 -~ 08323 0-1061 0-0864 —0-1202
0-4 0 2-916 —0-0656 —0-1830 0-1582 ~0-0944
0-2 0 —1-086 +0-5208 0-2174 —0-0278 —0-0718

0 0 —3-:003 —0-6155 —0-2265 —0-1105 - 0-0631

Tasre 1. Convergence of the Papkovich-Fadle series

0
f N 1000 [
=1 32— ~
[1] = to00 s %, T657 o005, o200
1+0

96

The pressure corresponding to (4.5) can be obtained from (4.4) as
P = :—)“112—— —an C, cos S, sin S, texp (S,y) + 4,. (4.17)
4, is a constant to be determined from the computation of the free surface.

4.2. The trench of finite depth

We are now considering problem (4.3) with D < co. There is an edge at both the
bottom and the top of the trench. There are now two sets of coefficients (C,, and
D,) to be determined from the edge conditions (4.3¢,d). At the top (y = 0), we
find, using (4.5a), that

0 o0 (n)
[g:ty(it(?))] N [_3:&; 1] = [gm)(t)] (Cr+Dy). (4.18)

At the bottom (y = — ), we have

~ 0 ~ ~
!”,y(t: _D) = _ od (Onexp(_‘SnD)—Dnexp D ¢m)t/Sn
[Wt’“m]*[—(ﬂg‘éi’z]‘ E [iclexni— 52D+ Drown(s, Dy g0

After differentiating the bottom row twice, this can be written as

[’ﬁ,u(t, ——ﬁ)} _ 3?2_1 T [(C’ ' exp (— 8, D)— D, exp (S, D)) ¢t /S}
Voults =D~ | =55 (Choxp (-8, D)+ D, exp (S.D) ¢t) |

— o

(4.19)
37 FLM 69
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Ficure 1. Level lines of the edge eddies (4.5) and streamlines (4.16) of the flow in the
reference domain for the infinitely deep trench.

The biorthogonality computation, which led to (4.14), now yields

C,+D, = —7:5% cost §,,. (4.20)

The same computation, applied to (4.19), where the boundary conditions are of
a slightly different type, does not give the coefficient

C,exp(— Snﬁ) +D, exp (Snﬁ)
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directly, as in (4.20); instead, it defines that coefficient implicitly through an
infinite set of algebraic equations linear in the variables C, and D,,:

I e S

Fiionpit ¢(l) ¢(le
= 2 Cexp (— S, D) ™, w(m] —1 ) +1‘*St¢<ns¢m dt
2w 18Xp P ¢g) Sl 2 1
_ o
+ E Dlexp SD) { w\n) w(n) [ ;] [(]5(11)] _l-gsl w;n)qsfll)} dt
l==—w ¢2 1
= (C,exp(—8, D)+ D, exp (S D)) (—4costS,)
+ 5 (Gesp(-5D) - Desp (50)) L2 [ ypgpa
l=—w 1 S Sl
= %4, (Gexp (= 5D)~ 4 Diexp (3.0)
—4cos4Sn(C’nexp(-SnD)+D exp (S, D)), (4.21)
where A4, = l_Sl f PPYiw .
E%
We can combine (4.20) and (4.21) to get
400613, D, (0xp (~ 5,0)=exp (8,0)) — 34Dy (exp (~8.0)+ T exp (5.0)
L —S 5 exp (—8,.D) _
= 48%(1 exp( SnD)) +1=§m Alnm for n= +1,+2,.... (422)

We solved (4.22) by truncation and checked the convergence of the solution
of the truncated equations numerically. In all cases considered by us, conver-
gence is very rapid (see table 2). In deep trenches the factor exp (S, D) in the first
term of (4.22) becomes large; it is convenient for computations in the deep trench
to work with coefficients D, = exp (S, D) D, which satisfy the relation

4costS, (exp(—2SnD)—1)ﬁn“ §_‘, Amﬁ,(exp(—2S,D)+_i+gl)
I=—w -

o e & 4 exp(=SD)
=g l-exp (=80 + X Angea
The D, are computed from (4.23); then the C, are computed from (4.20).
We computed coefficients and plotted level lines of the edge stream function

¥ (¢, y) satisfying (4.3) and the real stream function

wy (t2—-1)
pgadd vy - 384
for trenches with depth/width ratios of 5 (figure 2), 1 (figure 3) and } (figure 4).
The effect of the edge eddies at the top and bottom of the trench extends into the
interior for a distance of about three times the width of the trench. The flow in the
centre of the trench with depth/width ratio of 5 is nearly the same as the flow far
below the surface in an infinitely deep trench.

(4.23)

(4.24)

37-2
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(=12

¢ 1000 W, 0; 1) x 1000 ¥(#,0; 5) x 1000
0 2.6042 2-6194 2.6041

0-2 2-4000 2:4121 2:4000

0-4 1-8375 1-8401 1-8375

0-6 1-0667 1-0580 1-0666

0-8 0-3375 0-3280 0-3376

1-0 0 0 0

(22— 1) N N

t 1000 — W(t, — D; 1) x 1000 W(¢, — D; 5) x 1000
0 2-6042 2-5131 2:6042

0-2 2-4000 2.3446 2:4000

0-4 1-8375 1-8566 1-8375

0-6 1-0667 1-1208 1-0666

0-8 0-3375 0-3757 0-3375

1-0 0 0 0

TaBLE 2. Convergence of the Papkovich-Fadle series in the trench of finite depth

P, N) ] N g [Cn+ﬁﬂexp(—SnD) (tz—l)z[l]
¥, -D; Ny |~ S St [ C,exp(—8,D)+D, 384 |1
n=+=0

To compute the streamlines of the flow in the deformed domain, it is necessary
to compute the shape of the free surface. At this stage, it is only possible to deal
with quantities defined in the reference domain.

5. The shape of the free surface

We turn next to the computation of the first coefficient AV (z) in the expansion
(3.16) of the free surface in powers of €. This coefficient is to be determined as the
solution of the problem (3.14) subject to contact line or contact angle boundary
conditions specified under (2.6). Equation (3.14) may be rewritten in terms of the

stream function ¢ as
d2hD %y
— pghD) = — P —
dx? < ® 2 02,02

Under the same change of variables as leads to (4.3), and introducing the
dimensionless height correction

o
H(t) = th(xo),

we may rewrite (5.1) as H —a*H = — (¥ , +2), (5.2)
a? = pgd*[4o. P is given, through integration of (4.4), as

g

(5.1)

N
P= > C,exp(S,y)cos S, sinS,t+4
32" <

N
— 3 D, exp[~8,(y+D)[(S,sin S, + 2 cos S,)sin 8, +8,t cos S, cos S, ¢).
-N
(5.3)
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Ficure 2, Level lines of the edge eddies (4.5) and streamlines (4.24) of the flow in the
reference domain for the trench of finite depth with a depth/width ratio of five.
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Fiaure 3. Level lines of the edge eddies (4.5) and streamlines (4.24) of the flow in the
reference domain for the trench of finite depth with a depth/width ratio of 1.
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F1cURE 4. Level lines of the edge eddies (4.5) and streamlines (4.24) of the flow in the
reference dormain for the trench of finite depth with a depth[width ratio of %.
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4 is a constant to be determined. Equation (5.3) reduces to (4.17) when D->oo0.
Using (4.5) and (5.3), we rewrite (5.2) as

N
H' —-a?H+4 = 3 C,[(8,sin S, +2cos S,)sinS,t+ 8, cos S, cos S, t]
N

N ~
+ 3 D, exp(—8,D)cos S, sin 8, t. (5.4)
~-N
The general solution of (5.4) is
4 X (S, sin S, +2cosS,) .
H = B,exp (at)+Bzexp(-—at)+d—2— %}an[ ” P 2’ sin S, ¢

tcosS,t 2S,sin8,t
+Sn0°SSn(a2+S§, (@2 +82)2 )]
" .
N

The last step in the evaluation of the height correction at first order is the
application of the side conditions (2.6). In dimensionless variables, we may write
the condition that A(z) should have a zero mean value as

fl Hdt = 0. (5.6)
—1

When the trench is filled to the top with liquid, and the liquid adheres to sharp
edge, we have
H(+1)=0. (5.7)

From (5.5)-(5.7), we find that

A4=0, B,=-B,=1b,

where
1 N S,sinS,+2cos S, . cosS, 28,sinS,
s1nha{ ZNO"[ a?+ 82 sin 5, + 5, 08 S, (a2+Sﬁ_(a2+Sﬁ)2)]
N cos S, sin S,
+ _21:\? 'ﬁn exp ( — SnD) W} ,
N . o . .
and  H=— S Cn{SnSIHSn+“OOSSn sin S t_smS.n smhat)
~ a?+ 82 sinh a
S, cos S, P . S, sinh af
a?+ 83 n sinh a
_ 287 cos 8, ( . S i sin 8, sinhat
(a®+ 82)2 sinha

N -~ . .
- 3 D,exp(-8,D) 2 (sins . 5in S, sinh
—N

a®+ 52 sinha ) (5-8)
When the trench is partially filled with liquid and an angle of flat contact is
specified, H'(+1) =0, (5.9)
we find, using (5.5), (5.6) and (5.9), that

A =0, B, =-B,=1b
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Fioure 5. Graphs of the free-surface correction H(t) for the infinitely deep trench. (a) The
free surface on & liquid which adheres to the edge of the trench ((5. 10) with D = o0). ()
The free surface on a liquid when a flat slope of the free surface at the wall is prescribed.

1 N
where b= { »C,
N

S, sin S, +2 cos S,
acosha

n
o S, cos S,

48 cosS (cos S, ~8,sinS, 282 cos Sn)]

a?+ 82 T @+ 82)

N
+ X D,exp (-8 D) COSS S cosS}
N

. S,sin8,+2cos8, [ . 8, cos S, sinh at
and H =— _L;von{ P (smSnt-—TOSha——)

S, cos S, £eos S f— (cos S, — 8, sin S, ) sinh at
a®+S2 » a cosha
287 cos S, (. S i 8, cos S, sinh at
(% + 8%)2 acosha
N cos S, { . S, cos 8, sinh at
—_%Dnexp( S, ﬁ) P (smS t_W)' (5.10)
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4q? H forH(+1)=0 H, _forH(+1)=0
0-01 3-68x 104 4-06 x 10—
0-10 1-03 x 102 2-55x 103
1-0 1-26 x 102 4-75 x 10—3
10-0 1-29x 103 519 % 1073
100-0 1-29 x 10-3 524 x 103

TaBLE 3. The maximum value of the height rise coefficient H(Z; a?) as a function of a®. When
the fluid sticks to the edge H( + 1) = 0, the maximum deflexion occurs for 0 < ¢ < 1. When
an angle of flat contact is prescribed, H’( £ 1) = 0, the maximum height rise isat ¢ = 1

t H x 10 (given by (6.8))  H x 103 (given by (6.10))
0 0-00 0-00
0-10 0-35 0-81
0-20 0-67 1-59
0-30 0-95 2-32
0-40 1-14 2:98
0-50 1-25 3-55
0-60 1-24 4-02
0-70 1-11 4-37
0-80 0-85 4-60
0-90 0-48 472
1-00 0-00 475

TaBLE 4. The correction coefficients for the free surface on aliquid in a trench with a depth/
width ratio of . The first column is for preseribed contact line problem (5.8). The second
column is for the prescribed contact angle problem with a flat contact

In figure 5 we have plotted the correction coefficient H for the free surface in an
infinitely deep trench. (See table 3.) This coefficient is the dimensionless form of
kD ; and the free surface is given by k(z,€) = h{De+ O(e?). Figure 5(a) gives the
graph of H when the fluid grips the edge. Figure 5 (b) gives the graph of H when
the fluid surface is perpendicular to the side walls. Given h{, we may give
explicit form to the shifting transformation

2g ~ Ve —z. (5.11)

Then, by inverting the mapping as in § 3, we may obtain, at lowest order, the
form of the streamlines in the deformed domain.

In figure 6 we have carried out this inversion graphically. The streamlines of
the flow in the reference domain are determined independently of the height rise,
a8 in figure 6 (a). To obtain the streamlines in the deformed domain, we must
compute the shape of the free surface. Values of the function H, giving A<, for
a depth/width ratio of 1 are given in table 4. Since the trench of figure 6 has a
bottom, we obtain the stream function

Y, a; €) = Y@y, 20) €+ O(e?),

Y(zy, 2) = Y (@, 2o),

where, by calculation,
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Frcure 6. Streamlines in a trench with a depth/width ratio of }. (a) Streamlines in the
reference domain. (b) Streamlines in a deformed domain when the liquid adheres to the edge
of the trench. (c) Streamlines in a deformed domain when a flat slope at the wall is prescribed.
The streamlines in (b) and (c¢) are the distortions of the level lines of (a) under the scaling
transformation (5.12).

by inverting the scaling transformation

2o = D(h—2]/[D +1]. (5.12)
Then Y, z; €) = yiD(x, D[h —2]{[D + k]) e + O(e?),
where ~D <2 < h = bDe+0(e?).

The shape of the streamlines in the interior depends on € through A(x, €) alone.
The inversion (5.12) of the stretching transformation will generate a different
distortion of the level lines of yY{W(x,,7,) for each function A(x; €) ~ AVe. In
figures 6(b), (c), we have sketched two such distortions, corresponding to case
6 (b), in which the fluid grips the edge, and the case 6 (¢), in which the fluid surface
is perpendicular to the side walls. More flow patterns could be obtained from 6 (@),
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by generating different height corrections through varying the boundary condi-
tions k(z; €) at the side walls.

This work was supported under NSF grant GK-12500.

Appendix. Domain perturbations for a simple example

Consider the following simple problem which we have invented to illustrate the
concepts introduced in § 3:

ViG(x,y;€) =0 in ¥, =[z,y|—0<x<00,0<y<h(x;e)], (Ala)

G(x,h; €) = esinz, (A 1b)

G, 03 6) = Gx,y; ) — Gl +2m,95 €) = 0, (A 10)

h{z; 6)=D+y%¥ = D+vH(x, h(z; €); €). (A 1d)
8?/ y=h

y is a constant. The linear scaling transformation x = x,, y = y,h(x; €)/D (see
3.2b) is used to map ¥, onto

Yo = [%g, Yo| —00 < 5 < 0, 0 < yo < D]
Series solutions of (A 1), analogous to (3.15) and (3.16), are
[ Gle, y; €) ] e [G[nl(xo, yo)] e [G[”](x, g}D/k)] Len [G(">(x,y)]

hx;e)— D]  Zin!| Aw(x,) n! ™) (x) T I XCOTE)
(A2)
where GO =G»=0 and A =pl% =D, (A 3)
Substantial derivatives following the mapping are’formed as in (3.4):
11 (1) <0 (1) AR 0> (1)
G = GO +yNIGE = GO + -y Gryg = G0(0, 4o), (A4)
1 = G 4 36 90, G,
D
= GX2(xy, 7o) +2 3 ?/OG,O)(,(%, Yo)- (A 5)

It is not hard to carry out computations to higher order; but the computation
up to order two will suffice for our purpose.
The boundary-value problems for the function G{™(z, y,), » > 1, are
V2m =0 in 7,
Gz, D) = 8, sinx,,
G (g, 0) = K™y, 519) — G<™N (g + 271, ) = O,
WKm™(zy) = yH™,
Whenn =1, V26D = 0,
Gz, D) = GV (xy, D) = sin z,,
GV (2, 0) = G<V(xy, yo) — GV (g + 277, ) = 0.
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Hence, GV = ginh y, sin z,/sinh D, (A 6a)
and RV = y coth Dsinx,. (A 6b)
When n = 2, VG = 0,

G@(xy, D) = X2 + 2KDEL, = G®(xy, D) +y coth? D x (1 — cos 2x,) = 0,
G® (2, 0) = GOy, yp) — G (wy + 27, o) = 0.
Yo _sinh 2y,

<2> = — 2 ——e
Hence, & v coth? D { D~ smnap 2x0] , (A 7a)
Yo cosh gy
2] = (2 = —
G G+ DCOthDsinhD (1 —cos 2z,), (A 7b)
and B(xg) = [yH® + 2yhkOHE|, _p. (A 7c)

Now we are going to compare the two expressions for G(x, y; €) given by (A 2)
up to terms of order two. The series using the continuation of the functions
G (x, o) into ¥ is

Gz, y; €) = eV (x, y) + 12D (2, y) + O(e®)
sinhY . [

y sinh2y

fbatint _1e2 2 smh 2y
“simhD° 17 g%y coth® D D sinh2D

cos 2x] +0(e?). (A8)

On the other hand, the series of substantial d.erivatives, using the mapping
principle, is

Glx,y: €) = eGW(z, yD/R) +3e*G(z, yDfR) + O(c?)

___sinhyD/h . 12 o |y sinh2yDfh
=S s eyt D [ SR cos ]
P cosh YD[h 3
+2€ry cothD———————sinhD (1 —cos2x)+0(e?). (A9)

Equations (A 8) and (A 9) are representations of the same function. To recover
(A 8) from (A 9), hold y fixed in (A 9), and expand k(z; €) in powers of ¢, using
(A 2), (A6b)and (A 7¢).

On the boundary y = h(z; €}, (A 8) reduces to

sinh A sinz— 3e?y coth? D {k sinh 2h

G(ll?,h, 6) = €m

—— 3
D sinkhaD °°° 2x] +0(e%), (A 10)

whereas, (A 9) reduces to
G(z,h; €) = esinz. (A 11)

Superficially, it appears that the series (6.10) does not satisfy the boundary
condition (A 1b). However,
h = h(z; €) = b0 (x) + 12D (x) + O(e%);

and, when (A 10) is re-expanded in powers of ¢, it does take on the prescribed
form.
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